1. Let a prime number p be fixed, and let Fn, n >_ 0, denote the cyclotomic field of p1-th roots of unity over the rational field Q. Let pi(n) be the highest power of p dividing the class number hn of Fn. Then there exist integers Ap, , up, and vp (Ap, , depending only upon p, such that c(n) _ /lpn !~ ppn+yp for every sufficiently large integer rtil). In the present paper, we shall determine, by the help of a computer, the coefficients Ap, and vp in the above formula for all prime numbers p <_ 4001. We shall see in particular that pp = 0 for every p <_ 4001. Let Sn denote the Sylow p-subgroup of the ideal class group of Fn. For the above primes, we shall determine not only the order pC(n) of Sn but also the structure of the abelian group Sn for every n >_ 0.
Let p =2. Then we know by Weber's theorem that c(n) =0, Sn =1 for any n >_ 0 so that 22= t-2 = v2 =0. Therefore, we shall assume throughout the following that p is an odd prime, p > 2.
2. Let Qp and Zp denote the field of p-adic numbers and the ring of p-adic integers, respectively. Let F be the union of all fields Fn, n >_ 0. Then F is an abelian extension of Q, and we denote the Galois group of F/Q by G. For each p-adic unit u in Qp, there is a unique automorphism cr of F such that Qu(a) = ~u for any root of unity in F with order a power of p. The mapping u --; o then defines a topological isomorphism of the group of p-adic units in Qp onto the compact abelian group G. Let F and d denote the subgroups of G corresponding to the group of 1-units in Qp and the group V of all (p-1)-st roots of unity in Qp, respectively. Then we have G=Fxd ;
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For any m >_ n >_ 0, the in jective homomorphism of the ideal group of Fn into that of Fm induces a natural homomorphism Sn->Sm. Let S be the direct limit of Sn, n >_ 0, relative to these homomorphisms. The Galois group G acts on S in the obvious manner. For each integer i, 0 <_ i < p--i, let iS denote the subgroup of all elements s in S such that w(s)=svi for every v in V. Then S is the direct product of the G-subgroups iS :
We have a similar decomposition for each Sn, n > 0, and iS is the direct limit of the subgroups iSn, n >_ 0.
3. Let A denote the ring of formal power series in an indeterminate T with coefficients in Zp : A= Zp [[T ] ]. Then there is an in jective homomorphism of F into the multiplicative group of A such that Ql+p--> 1+T. Therefore, if M is any A-module, we can make it into a F-module so that a1+(x) = (1+T )x for every x in M. We see easily that
For each odd i, there exist, by Weierstrass' preparation theorem, an integer ai >_ 0, a unit iu(T) of the ring A, and a polynomial im(T) of the form
As noted in the above, we may consider iM as F-modules. These F-modules, are fundamental in the theory of cyclotomic fields, and we shall next consider some special cases in which the structure of iM can be easily determined. 4. For each odd index i, let with 1a, i j9, etc. in Zp. Then it is clear that 1M= 0 if and only if is is a p-adic unit, namely, if and only if di = ei = 0. Since p-2g(T) =1, we immediately have 2M= 0. For any integer a, 1 _< a < p-1, let va denote the element of V such that where Ca,b denotes the integer defined by
Hence we obtain p-1 i 3 = <v(1+mp)/p2> vim
However, va+vabp -= a+ 1 (va-a)p+abp = a+Ca,bp mod p2, p 0 a+Ca,bp (p-1)+(p-1)p < p2 so that (va+vabp)/P2>= 12-(a+Ca,bp)
It follows in particular that B(p, i) -0 mod p for i p-2. Now, suppose that A(p, i) = 0 mod p 2 and B(p, i) 0 mod p 2 (i p-2). We see from the above that 2a = 0 mod p, ij3 0 mod p so that di =1, e2 =0. Let 1M(T)=T -1w , 1w pZp . Let pf, f>_ 1, be the highest power of p dividing iw. Then, for each n >_ 0, the above isomorphism induces a 1'-isomorphism zMl(~ p p-1)2M N Zpl pnl-f~p .
Then 1g(T) =1u(T) (T-1w) and 1M= A/1g(T )A = A/(T-1w)
It follows in particular that iM/(6pp-1)2M is a cyclic group of order pn+f. We also note that 1g(w) = 0 implies 5. We shall now explain the arithmetic meaning of the modules 2M. It is well known that the class number hn of Fn is the product of two integers, the so-called first and the second factor of hn : hn = hn~hn .
Let pC(n)' denote the highest power of p dividing the first factor -hn of hn. Then there exist again integers Ap, /, and v, (2p, / >_ 0) such that for every sufficiently large n. For the coefficients 2, and /, we then have the following formula :
Therefore, the integers 2, and 4 can be obtained by computing di and ei from the power series ig(T ). A prime number p is called regular if the class number ho is prime to p. In the following, we shall make an assumption on p which is weaker than the regularity. Namely, we assume that the second factor oho of ho is prime to p :
Under this assumption, we have the following results on Fn: i) For each n >_ 0, the second factor "hn of hn is also prime to p so that c(n) = c(n)'. Hence 2 p-A,, /p-/1p, l) _Y) .
ii) For every even index i and for every 12 >_ 0, 2S = ~S n =1.
iii) For any i >_ n >_ 0, the homomorphism Sn -> S,n is in jective so that S may be simply regarded as the union of all Sn, n >_ 0. Sn is then the subgroup of S consisting of all s in S such that 6,p p(s) = s. For each i, a similar result holds also for iS and iSn, n >_ 0. iv) Let i and j be odd indices such that i-~-j = p-1. Then there exist a non-degenerate pairing of iM and ~S into the additive group Qp/Z~, such that [a(x), a(s)] = [x, s], x 2M, s is, for any a in P.
v) It follows from iii) that for each 12 >_ 0, the above pairing induces a similar pairing of ZM/(61p+p-1)iM and 5Sn. Hence these two are isomorphic finite abelian groups.
It is now clear that we can obtain the following results from I and II in the above :
III. Under the assumption (A), suppose that A(p, i) * 0 mod p2, namely, B(i~ l)/2 0 mod p, for an odd index i, 0 < i < p-1. Then, for the odd index j = p-1--i and for every n >_ 0, 3S = 3S n =1.
IV. Under the same assumption ( Suppose that p is a regular prime (p> 2) so that (A) is satisfied for p. Then, by a theorem of Kummer, the Bernoulli numbers Bk, 1-k < (p-1)/2, are not divisible by p. Hence it follows from ii) and III that 1Sn =1 for any i and n, namely, that S, =1 for every n >_ 0. Therefore c(n) = 0 for n >_ 0, and, consequently, 2, = ~p = vp =0. We note that this result can be proved also by a direct method without referring to the modules iM.
6. In a sequence of papers2', Vandiver and others verified that our assumption (A) is satisfied for all prime numbers p <_ 4001. For such a prime p, they also determined all integers k, 1 <_ k _< (p-1)/2, such that Bk is divisible by p. Putting i=2k-1,
we then obtain all odd indices i for p such that be the p-adic expansions of the p-adic integers A(p, i) and B(p, i) respectively.
We know from the above that ao=a1=b0=0,
By using a computer, we have computed the next coefficients a2 and b1, and found that (3) a2*0, b1~0
for every such pair {p, i}. A part of the results of these computations will be given at the end of the paper. Now, it follows from (3) that
Therefore the following result is obtained from III and IV above: Let p _< 4001 and let Op denote the number of those Bernoulli numbers Bk, 1 < k < (p-1)/2, which are divisible by p. Then, for each n >_ 0, the Sylow p-subgroup Sn of the ideal class group of Fn is the direct product of op cyclic groups of order Hence c(n) = (n+1)O~ , for every n >_ 0, and consequently ~p=vp=Up, e =O.
Since the values of O, are known for p < 40013, the structure of Sn is completely determined for such primes. Actually, III and IV provide us more information on the structure of the G-groups S = 111S and Sn = 111S70, n >_ 0 : if i is an odd index such that A(p, i ) 0 mod p2, p<4001, then is, j = p-1--i, is isomorphic to the F-module Qp/Z~ as described in IV. Now, our computations of a2 and b1 show that a2 b1
for every pair {p, i} as stated above. Hence it follows from (2) that 2w -p mod p2 .
Therefore, if z is an element of Qp/Zp such that 61pp(z) = (1+p)pnz for some n >_ 0, then p70 1z =0. Since jS . Qp/Z~, the F-group jS has the same property. By the theory of cyclotomic fields, we can then obtain the following result :
3) See the tables in the papers of the footnote 2). For example, op=1 for p=37, 59, 67, op=2 for p=157, and o2=3 for p=491.
Let p < 4001. Let on, n >_ 0, be the local cyclotomic field of pn~ 1-th roots of unity over Qp. Then the group of 1-units in the local field Pn contains 1 2 (p-1)pn-1 global units in Fn which are multiplicatively independent over the ring of p-adic integers Zp.
7. The computations of 02 and b1 for those pairs {p, i} such that A(p, i) 0 mod p2 were carried out on an IBM 7094 computer4>. During the preparation of the program it became clear that b1 presented by far the greater difficulty.
As defined, p-1 B(p, i) = Ca,bbvp.
a,b=1
For p=4001, the largest value we were considering, this sum has 16x106 terms.
No more than about 104 terms could be computed per second, and so it seemed that for the larger values of p the computation time might be 30 minutes or more for each case. With 278 pairs to be run, this would have required more computer time than could be justified.
The problem was solved by finding a more efficient method of computing p-1 Ca,bb. If these formulas are used to compute G(m, a, p, p-1), the computation time for b1 becomes proportional to p log p and for p = 4001 is under two minutes.
